Monotone approximation relative to peak norms is studied both on an interval and in the discrete case. Existence and some structure results are obtained which demonstrate that peak norm approximation has similar properties to L approxi-1 mation. In particular, sup's and inf's of best approximants are best approximants Ž . in the discrete case and a half-above, half-below property is demonstrated.
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INTRODUCTION
Recently the notion of a peak norm was introduced into approximation w x theory. See LL, CW . In this paper we examine some of the properties of best monotone approximation on an interval and in the discrete case relative to peak norms. Our main result is a ''half-above, half-below'' property reminiscent of best monotone approximation relative to the L -norm in the discrete case. with m A s ␣ such that the supremum is attained. Any such A is called w x a norming set for g. See LL for this and other basic properties of the peak norm.
In this paper we study monotone approximation. Let K be the set of w x w x non-decreasing functions on 0, 1 and for f g L 0, 1 , let
Ž .
Ž␣. ␣
Existence of best monotone approximants to essentially bounded functions is demonstrated by the next theorem.
Then there is a best monotone approxi-ϱ 5 5 mant to f relati¨e to the peak norm и .
Ž . ␣ A By the dominated convergence theorem, we have
Then we have
So g is a best monotone approximant to f. As for uniqueness of best monotone approximants, the peak norm is not strictly convex and there are easy examples demonstrating non-uniqueness.
Ž . In view of this, let P f be the set of best monotone approximants to Ž . Ž . we may find a countable set g : P f which is dense in P f relative
Let A be a norming set for g y f. Then we have
␣ Hence all possible inequalities are equalities and A is a norming set for Ž . Ä 4 each g y f. Now for an arbitrary h g P f , g has a subsequence n K n converging to h in peak norm as k ª ϱ, and in turn converging to h in L 1 Ä 4 Ä 4 norm. So g has a subsequence, we write it as g , converging a.e. to h. n n j 5 5 5 5 Since g y f F 2 f for each j, we have by the dominated conver-
Hence A is a norming set for h y f.
We shall refer to a set A which is a norming set for g y f for all Ž . Ž . g g P f as a uni¨ersal norming set for P f .
K K
Ž . The existence of a universal norming set for P f allows us to modify a K w x proof in LR to show that lim sup's and lim inf's of best monotone approximants are also best monotone approximants.
By Fatou's lemma, letting n ª ϱ we obtain
Letting k ª ϱ and using the dominated convergence theorem, we obtain
Ž . hence h n g g P f and k k g g P f .
K K w x LEMMA 2.4. Let f g L 0, 1 and let A be a uni¨ersal norming set for
Proof. It suffices to show that
for each j, 1 F j F n y 1. To show the first inequality, note that
To get the second inequality, just interchange n and k in the above.
THE DISCRETE CASE
In this section we consider the discrete version of monotone approxima-Ä 4 tion. Let X s x , . . . , x be a finite ordered set and let K be the set of 1 n real-valued non-decreasing functions defined on X. If ␣ is a positive integer, 1 F ␣ F n, the peak norm would now take the form
where the sup is taken over all subsets A : X with cardinal number Ž . A s ␣. Note that Theorem 2.1, Theorem 2.2, and Theorem 2.3 are valid in this context, with the proofs easily adapted and generally easier. In fact, Theorem 2.3 can be improved in the discrete case.
Monotone approximation in L -norm is characterized by the ''half-above, 
2 2 Ž Ä 4. In the discrete case this would translate to g ) f F nr2 and ŽÄ 4. g-f Fnr2. If we use a peak norm things get more complicated, but if ␣ is an even integer we can show that a universal norming set exists relative to which the half-above, half-below property holds for all g g Ž . P f . K THEOREM 3.2. Let ␣ be an e¨en integer with 1 F ␣ F n, and let f : X ª Ž . R. There exists a set A : X with A s ␣ such that
K The proof will be accomplished by a series of lemmas. Assume ␣ is an even integer, 1 -␣ -n, in the following lemmas. gq⑀for some ⑀ ) 0 so that A would be a norming set for g* y f and 5 5 5 5 fyg* -fyg , a contradiction.
There exists a norming set A for g y f such
Proof. Let B be a norming set g y f. If the half-above, half-below property for g holds for B, we are finished. If not, assume without loss of ŽÄ 4 .
. change process until a norming set A is arrived at with g -f l A F ŽÄ 4 . ␣r2. It will also be true at this point that g ) f l A F ␣r2. Proof. Apply Lemma 3.4 to obtain a norming set A for g* y f with the half-above, half-below property relative to g*. By the proof of Theorem Ž . 2.2, A is a universal norming set for P f . 
Ž .
Turning our attention to the set M, we have Ä 4 Ä 4 Ä 4
